2.4 Axioms cf Cov\gmme fur' Av%les

Recall :

An angle is_the union of 'b.aoraas Cap and e ong-w:bng at e same -Fomt,i'ts vertex , and nst laiwgev\
the same line . We denste -the av%le. lya LBAC o LCAR .

Furﬂr\erwm,'ﬁf\elwbadordfm:mgle (BAC corsists ofallrdwtsb such trat D ad C are on the

msﬁdecf-(:\m.liv\e AR, and D ad B are on Hhe same side cf-ere.(ineAC.

7\
A/\\Y\c

We also Fosb«(ctte an mdeftvxed notion cf congjruence . which is a relation beboseen +tuwo
cmgles A _and %,dewsted loa oksﬁ.

Sv\rrose HBat A s Hee st cf all ahg(es-

-De.fiv\\'hov\ 4.1

Let tssﬂmsﬂ..ﬁ (d\,F)e'C,'HAQV\ A Is sad 4o be Consmawb'bb F ,and we denste it baue‘&.

M,miw?mmimmcw-&ub?bbel’nvesasweex‘:ecb.
Axiows cf Cov%me/\ce. for‘ Angles :
€.4) Guen an GV\S(Q. LBAC and gven a Yoy Yie ,Ahere exiskts  a  unigue Yy e on A

3‘|ven side df e lne L such Oab  /BAC o LEDE.

/
B

) ~
C 'I><\)/ F LDF
\\
\

\
E®)%

(c.B) Fov-a.wa_-’dnrez o.rgles d,F,Y. nf o\eF and oaY , then @eY.
Evera_ m\%le i cov\gnaevfﬁ +o 'rbelf




(c.6) (SAS) Given 'br'iang‘es ABC and DEF, Suppose ot AR=DE, AC=DF and /BAC = LEDF.

Then BC=EFE, /BRC2(DEF and ZACR = /DFE.

B

Remark: (C.4) acts eos -tmv\sroreer cj a\n%les
(c.5) Saus “that c,onaruence s an e%iwa‘&r\ce. velation on s .
Comrare “s (1) _and (€C2)

However , (€.6) is unlke (C2) . K tums ot

« (C.6) imPlies a resutt  similar 4o (c2)
-(Cc6) = Fesbnlated . which shows +he '-vs«.ﬁtc‘«ey\aa_ cf Bxld’s -Fwauf uj Feros?bm L4 us’mg

Recall: No deﬁn‘rﬁm % s(:mlgkh avwgle_".
Rokems :
e A : set ef ay\éles isrl:?ossible-bodefine +: A A »d

LARC "+ LCBD ma:a_ not  wmoke serse
C

N B
e How o rzjormda:be— CN2A and CN3 (fcr a.vvg_les) 2

(If F‘gf" and Y2 Y then g,weg,‘w' and g,-reg;-‘r'.)
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§ «BAC isanamgl_e.,avdl_-fbisa]:oiwb on the line AC on the other side of A from C,
then (BAC and (BAD are said +o be Surrlemewbara_.
(Remark : Give. a c&-:ﬁnﬂ:‘:on +o “suwnm o-f w0 am@es

is ~hwo ﬁgk& av'%les ") D .




'Pv'btbos‘rh‘lov\ 34.

Leb /BAC and <BAD be smFFlewm(-.ana angles and ¢RAC = LBAC.

Then, <BAC and <(BAD are S|A1>F(emevf(w.na angles rf ard onla_ zf C(RAD = LBAD.

Remark:*»" s regarded os a replacement. of CN.3 for the cose “%= 18"
‘" regarded as a replacement of CNa for the cose ‘\3+Y= 18"

B

P

= Béc\r\wsina_ ancther B ,C and D f heceso.\«a,we assume AR AR , ACxAC and AD = AD ('BuaC.l).
o’ ’ 0, -B BI

ARARC =2 AARC =5 BC&BC and LBRCA=LBCA  (C.6,SAS)

cAcCA and ADEAT = C>=CD

ARCD 2 ARCD = BD 2 BD and /BDA=/BDA  (C.6, SAS)

ARDA =~ AEDK = /BRAD=LBAT (C.6, SAS)

‘e Bercise !

Defivﬂ‘hon 243

Givey\'ﬁwoay\gles LRAC and LE‘DF.Ne_sm&L‘BACls(essﬁ\av\l.EF,devw&d %L‘BAC&LE’DF,P}

E
-‘:hernaexistﬁ.a.\ﬂr».a_vr-1>§ ln-tlne.lwterior-cf LEDE such than LBAC & LEDF. =
L\ ﬁ;
[ [ © F

Exercise 3.4.1

Rrove. that ﬁmeﬁsﬁsama_rbq ln-ﬁr\e.lwbariorcj LEDE sudh than (BRC = LE&DE tfaw:l cv\lé_ﬁ

there exists a o Yoel in the lwtﬁriorerj LEDFE  such -than L'BPCeLG‘bE.
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IfL‘BAC. 'nsanahg!e.,and '[f“""“a-"'hb lies in the Mtaviorof LBAC,

B
-EkenLBAcassmd-tobe_-&ewfmACamlusAb.

“Remafk:Onla qlejine LDAC + LRAD when . makes sense .

Furthermore. ZDAC , 2ZBAD < £BAC . A c
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Suﬂ:ose. LBARC s an av\gle ~and the ray Y IS N the mterior of /BAC.

Smﬂ>ose. {DAC = LDAC and /(RAD = LBAD, and bre AYs g ard v are on oppostte.sides of
the line. AT. Then the vay ryy ond G :furm an angle_ ~ard ¢BAC s ¢BAC, and the ray IS
in_-the inberior of LBAC.

Remark: & = \'E%arded as a rq:laoemew‘:, cf CN2 fm— the case ¢%+Y<l8o'~.

B

et -

See 'F\'Gl) 844 in 2]

K

Exercise. 2.4.2

Given L(BAC & /BAC ond a Ry g In the interior of LBAC.

Prove Gt there oxists a Y Yy +he nbexior c:f (BAC sudh thak /DRC s DA and
(BPAD = LBAD .

Remark: K 1= regarded as a replacement. of CN3 for 4he cose ‘BeY<ig

B
D

Exercise. 3.4.3

Prove that

Q) |§okscl' and F"(‘” ,then A<p > <@
b) i A<p and p<¥ > o<¥

iy Qiven —be amgbzs ol _and F , mﬂg one cf -&\ne_fol\mlna_ holls : e(<e> PAEp ;d\>e.
Remark : Hence < elefiv\es a strict -bstal order relation on Ala.
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Ariékl-. an%(e is av\an%leok-&\at is c.onaw\e.wb-&o one. cf ks &AFFIemmbana, awg‘es F
Remark : The 'fbllové'mg Proposttion gmmwbaes no aw\bi%v\'rba cf this dejivxi-l:tov\.

“*wo Su?rlmeyt&n% /i” ¢

a leSofok
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L.eELamdee'baer\Pam(lel livesavdle:tﬁl:e.‘ﬁrvatv&zrsediomroiw\:cfkavdm.
Va-ﬁca\mslesmdcfiv\e:l b(a_oFFeerzvaasmgmabedfrcmAm L oand m.

Corol 3.4.1
Vertical a.ngle.s are czngmevt (le. Az ot). g

g R

Direct aPFltcaﬁm uf 'FroFosTbbn 4.1

'Pml:osa-eson 3.43
pre<f

on, hap and L2p , we claim el
By essungts ¢ ¢

Suﬂ:vose. the Coﬂb'ana_ - e E
Wog | leb d<d’, {L
. s B PR«
-Hr\ey\-&:l»ere.ensﬁsarmar,‘a.h-@\emtenor L - ’a —x
D A B D [ B’

cf A such Hhat LERBR & o

Bxevcise. : Show that -Une_ma_ Y 1S the interior cf LERD .
= (s’< LEAD

tERR e d 5 ¢ERD = 4CAD = & CR"’F 3.4.1)

A= F'<LE’N1>’eLcAb=(s sk whidh conbradicks o the GSSumFﬁM A<k .

2.5 Hibert Planes

Definttion 2.5.1

A Hilbert -F[ay\e. is a gven set * Foiwés together with cectain subsets  called lines , and umlfmed
Mﬁonscfbeb&eem,cw%vuence.oflimseammﬁs,mdc mofay\%lesﬁ\absaﬁsﬁa_'&\e
axioms. (11 -(13) , (BD-(B4) and (C1)-(C6).

(Do NST include. (B 1)

Main 8042.1 . How much cf Euclids Rock | we can vecover in a Hilbert Flawe 2



Theovem 2.5.1

Euclid’s Pro]»s'r(uon 1-28 e«:eFE. Land 2., in Reck | can be ‘Frwed in arbrbmra_ Hilbert Flav\e..

F(WJE :

See section 10 in [2]

ldea : R, Klein Disk , Poincare Disk ... ave all Hilbert planes . so all of them inhertt all properties o
Hilbert 'Flanes .

3.6 |ntersections cf Lines and Circles

'Defiv\rblm 26.1

Given distinct Fo'-wEs O, A, cirde T with center O and radius OA s the set T={R:omn=0Rl.

'R"olbosi":ion 2.6.1

Let T be a circle witdh center O and radius OA . Then , the center is wnliu\dla_ determined .

e

LebOav\dO'Becavtbersafa.cirde'l"w\AOfo'.
Le'bOAbeamdzusch'.

Let 2 be a line Fasiv\%-ﬁr\rw%kowo'.
—n'\elr\lmeet'(’at'bwo?om C.ancl'b'ﬂ\nﬁ&ﬁsﬁes

Cx0+D and OC=cD (boka'? Think oxiom C.1)

Note that O is adlso a center , So OC20D and CxO'sxD

B-aasdm C3, we have -three cases:

D OxC*xO - lwnFosiUe ,since Cx0«D and Cx0'sxD

2) C*xO%O He implies O*JaD. Therefore OC<0OC = SD<OD which conbadicks 4o OCs0OD.

2) CxCOx0O &e.'mrlses O'toa-'b.'l'ka.rszrz OC<0C & 0D<OD which conbrodicks 4o OCecD.

G

. O=0
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Llet T be a circle with center O and vadins OA .
AFdthBsaid'babe.miwﬁzdedwtch%B-Ow03<%.

Psrolv\tC'lssaid'b:be.me&arioerwtoST uf OC >OA .
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Alimlissa\cl'tobe.'tangzwb-&oac!rcle'l’lfland'l"meztdtexacﬁa_one]»m(:.

A cicle T issald'tbbe‘hm\gewb-bowvﬂr\er clrcle'l"'lf?and'l"mezt.atexacﬂa_ one ]»tv\-(-_.

.

g

'Prcl:osi-b'\ov\ 2.6.2

Let T be a crde with cenfer © and rodins OA.

Let 2 be a line Pasing_'ﬂmfbvak A . Then,

2 1 oA Afa.hd onl.a_.f Q.is'('Anae«E'&o T ak A.

‘= Lek Rel and BREA . Claim OB > OA whidh shows that B s an eterior powt of T

LOAC 'S a ri?d: anale N
Ba Pop- (1.16) , LORA , LAOR ore less Hwan a n%kb ang!g.

&a Prop- (1.19) , OB > OA.

"&". Note that 2 # 2o ., otherwise [2AT1=2 .
Therefore , 0 ¢ £ and by prop. (T.u) . we can -finc\ a port Bel such that OB.LL.
Claim : B=A . C

Suﬂxsc.'eﬂe CDn'erha_,'B#A.
Take C on -the other side uf’B-frbw\A sucdh that AR CR.

’B-a_ oxiom (C4) , AOBA = ACRC. and so DA e OC 5

> (C#A) CeT (Conbradiction)

Exercise 2.6.1
|fo.llnelc:avrtains a‘FoM(:Aofacine.T,Bth(:'banao&b'boT,'Fme'ﬁ\ﬁt l_mee'b'l‘atemcﬂaa_




'Prol:osi-(-jovx 2.6.2

Let 0,0 and A be three distinct 'Poirfts.
Let T and T be circles with certters © and O with vadii OA and OA re.s‘:e::(:ivel%"ﬂ\er\,

0,0 and A are collinear jz and OV\lla_ 'l:f 'l’is-(:av\%ewt ‘o T at A.

T Swr«l»se “the c.ontraaa_ Let B£A and BeTnT .
Fivfﬂ.a,‘&q!lod . Obherwise B must be on <the oﬁ»s?bz side cf Aj-’rm o.
Then OA = OB imples 020" (Conbradiction ).
Case (: OxAsC

BB Pop- (1.5), torR=s0RA and ZoAB z=sSRA

Note -Hrat <0ABR and 20AR are Su?Flemenhma_ © A o
B‘a_ erogrﬁm 3.4.1 , LORA and <CRA are SVTvrlew\eﬂt:ma_.
'l'herszv. 0.R and O are collinear.
Cose 2: O 0'+A (as well as O'x0%xA)
Ba Prop- (1.5), LoRA=s0AR = 2ORA

'&6 oxiom (C4) , AOBA = ACBA ond so OA & OA

whidh conbradicts 4o Ox O« A.



‘e Swﬂ>°sa the Cwa'af\a_, 0.0 and A are nst collinear.

_ﬂr\erejima, A¢ Log and ba PP T.1) , we can find a Fo'm—t Celog such that ©C 1 2.4.

Ld:BbeaPoth“HnacFFﬁ?be.sidecfAfvasuch'ﬂﬂdt CAzCB .

B‘& axiom (C4) , AOCA = AOCR and so OA 2 OB

'Ba_ axiom (C4) , ACCA & ACCR ond so OA & OB

_ﬂnerﬁwz A, BReTAT but A¥*BR whidh cotbmdicks o 'Hr\at'\"is-hav\a_ewt ‘o T at A.

A

1

Exercise 2.6.2

Skm-ﬁmtif-b»odrclgs meets at A bwb't\r\ela_arend&.-bnéawt,ﬁnen-ﬂﬂena_bweemﬂg-bao
lvrte:rsecﬁovx?cmﬁ:.

(Hint.: As the consbrction dbove |, gk A B eT AT widh DR . Os-v\a_ ‘FYUP a3l o ‘rrbve Hheve. i Vo
more. intersection ‘Po‘mt D)

Exexrvise 2.6.3

lf‘b»o circles 'l"oyd'l"'o.\rz'tw\ga«(:'b:ep.dr\ cﬁwdtaro‘m‘: A, show that T\{Al lies eirther er\'('ilea
inside T or e.vrb“rzla outside T.

T T
g
or A




Let T ond T be cicles .

=
TaT’- ¢ Q : ™

TaT'¢¢ - Case | : 'I’avd.'l"'o.rz-(:m\aad: to each other at a.-l>o‘wd:_ A ,ileTaT'={Al.
Exercise 2.6.3 = Ov\lua_'b.oo 'Fussibil‘rﬁes as shown below .

'Prol:os‘r(-juv\ 263 = 0,0 ,A are collinear.

Case 2: T and T are ms":'tnngaﬂ(: o eadh other , ie. | TaT’l>1

Exercise 2.6.2 = [TaTl=2 ™ \

Llet T be a circe and £ be a line.

T(\Tl= ¢

T'r\1.+<1> : Case | : 'l’qulm-tw\g@tt'b:e“:h cﬁrwa:ta.-roin‘:_ A ,ieTal={al.

2L
—Rrbl:osiﬁov\ 2062 = 2 10A

™

Case 2.: 'I’aydlmw&-(:wgad:'baeadn other , ie. [Tall>l

'S
Exervise 2.6.1 = I Talla2 T




R'bm-‘dne_abwa,we_\:vw‘&uta[inew\dadrde,or-baoczrc\es,cav\be.-bav%ext,m-'f-ﬁ«aa

meekt bt are nsk -(:nmgen(-_,-ﬂrvala will_weet ot exa:::kba_ “0 Paiwts. Houaewex‘,‘@m'z'lsvwﬁ/\iv% here
+o 8ua.v-mhae. -Hf\enawi(l od:wxl\ca_mezt. 13‘ '(:L\aa_are. in sd'talo(e‘rus\ﬁw\
Here , we 'iw?osz an_ackrtionol  axiom :

Cicle-Cirle lntersection 'PereH:a

(P) Given twe cirdes Ta\d'l",‘nf'r"mivs at least owe_M'teﬁorFe'.r\tavd at least one

ex(:er\orPoiﬂt cf'l",-ﬁr\en T and T will mezt (at Whh%‘l]:oivv&s). e’ct.Fbch,

T

k. Ft cj? T
'Pn:l:osi-(:iev\ 3.6.4 (Line-circle irttersection 'FroFerba)
In a Hilbert Plav\e wrth _axiom (E), if a line 2 cortoins an intevior 'Fo\vv(: A o‘f a circle T,
-&\mkad?ni(lw@zt(abwhhalww&). L
T T
procf
See ‘Frb‘F 1.6 in [23 o o

Idea : Consbrnct o circle T so that T" and T will

wmeet ot D ‘F\:TKES (ba axiom (B)).

Then , show fthat Ta L =TT’

—Pr'blbosiﬁen 2.6.4 ('Pﬂrarosi‘hon .0

K s Foss'tble to construct an e%\ﬂa'ﬁzm( 'briavxgle. on a é?vev\ line. Segmevv(‘.

c
Onha_ wx'lss‘w\g -Far-& wn the oﬁaiv\al ‘chf
Note : T covtains A (int. PE uf ™) T ol
and_contairs D (ext. pt. of T) b E D

L TaT 4 ¢ \aa axiom (E)

Theovem 2.6.1

Baelids 'Fn:»res'l‘hev\ Land 2, in Beok | ae valid in a Hilbert Flav\e witdh tdhe extva. axiom (E).




3.3 Eudidean Plane
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A Buclidean Plane is a Hilbert ‘Fhwe sa:tisjama_ the additional axioms (E), the circle- civcle. inkersection
‘Frore.r&a, and ), 'qugfdr-'s axiom.

(so. saasfes @O-(I), BRN-B4), (CD-(CE), (E) and ).)

Theovem 3.3.1

Euclid’s 'Fro]»stﬁen 29-34, in Beok | ae valid in a Hilbert -Flav\e. wirthh the extra. axiom (P) .

ln&nF&rSofBJ,-&\ewaofamwbe.dwdoFedonaHﬂberb Flavxem-ﬂr\-&\eacbnaxim(ﬂ.
Theorem 2.3.2

Euclid’s 'Frc?osl'ﬁon 25-48, in Bock | are wvalid in a Hilbert Flay\e. witlh the extra. axiom (P) .

Hence , all 'Frcrosr(-:uws in Buclids Bodk | are valid in an Euclidean Plane .

Bvchimede’ s Pxiom :
B Gven two line seemewts AR and D, there exists a nabwal number i such Hhat n copies of AR

will _be greatev- “dhan CD. >

Dedekind’s  Pxiom
('D)&A?Fuse-Um.'FeMbofaliv\z are. divided ‘nwb:-ﬁwomv\ew?% subsets 8 and T s Ahat
no'Fo'm'b c:')i S iz between two Fo'mts oj T. and vice versa . Then -there e:és(:saw\i%ne_

'Fmb?&mk'ﬂr\a(:'fc\fmx& AeSavxdawaBeT,e}HNer P\t'Pcr'BJPor-ﬂr\e_?dwb'PB
betieen A and B .

S T S T T
=

o —H

Remark : @) ‘-sve.nasﬁn:mg in a sense that ) lw\Plies (A) and (E).

Theorem 3.3.3

A Hilberk plane satisfigng ) and @ s isomorphic +o K.




